
ULAB JOURNAL OF SCIENCE AND ENGINEERING VOL. 4, NO. 1, NOVEMBER 2013 (ISSN: 2079-4398)  

 

Cluster Synchrony Dynamics in Coupled 
Neuronal Bursters  

Abul Kalam al Azad 

Department of Computer Science and Engineering, University of Liberal Arts Bangladesh                                            

Email: abul.azad@ulab.edu.bd 

Abstract—Emergence of partial synchrony in the activity patterns among neurons in a coupled system is crucial for functional 
neuronal networks. In this paper, we report emergence of spontaneous synchrony clusters in the coupled Hindmarsh-Rose neu-
ronal bursting system with a cubic coupling. Detailed numerical analysis and simulation for three-Hindmarsh-Rose burster sys-
tem show that the bursting neurons organize into separate burst synchrony clusters. A similar burst synchrony dynamics is also 
observed in the larger network of bursting neurons. Moreover, developing a variational system about the clustered solution for 
three-burster system, we compute the Lyapunov exponents of the system in order to explore the stability dynamics of the emer-
gent burst synchrony cluster.  
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1     INTRODUCTION 

 
URING neuronal bursting, the slow currents drive 
the fast subsystem through bifurcations of equi-

libria and limit cycles that generate an activity pattern 
consisted of a relatively slow rhythmic alternation be-
tween an active phase of rapid spiking and a quiescent 
phase without spiking. Bursting is a multiple time scale 
phenomenon. To understand the dynamics of bursting, it 
is assumed that the fast and slow currents of the bursting 
cells have different time scales [1]-[6]. Bursting is exhibit-
ed by a wide range of nerve and endocrine cells, includ-
ing pancreatic β-cells [7]-[10], respiratory pacemaker neu-
rons in the pre-Botzinger complex [11], dopaminergic 
neurons of the mammalian midbrain [12], thalamic relay 
cells [13], [14], stomatogastric ganglion neurons in lobster 
[15], Aplysia abdominal ganglion neuron R15 [16]-[20], 
some mesencephalic V neurons in brainstem, and pyram-
idal neurons in the neocortex [21]. While the synchrony 
properties of the regular spiking neurons are well under-
stood, the synchronization involving the multi-timescale 
bursting activities of the coupled neuronal system is very 
much an active area of research interest in both theoreti-
cal and biological neuroscience [22].  
 
In this paper, we study the burst synchrony properties of 

a mathematical bursting model known as Hindmarsh-
Rose model [23], [24], [25], [26]. It is understood that the 

rhythm generator of the leech heart interneuron can show 
interesting burst synchrony patterns where neurons from 
one side fire inphase burst while neurons from either side 

fire antiphase bursts; this generates rhythmic activity at 
about 0.1 Hz that paces leech heart neurons that in turn 
drives the heart beat [27], [28]. This pattern has been a 

subject of mathematical investigation by many authors 

recently, particularly we refer to [28] where a three-cell 
network of conductance-based model was studied to cap-

ture and understand such leech heart interneuron burst 
synchrony pattern. In this paper we pursue a more math-
ematical interest in the rhythmicity involving burst syn-

chronization generated by a network of three-
Hindmarsh-Rose burster coupled with a cubic nonlinear 
coupling. The system demonstrates spontaneous cluster 

burst synchrony patterns where two cells fire inphase 
bursts while the third remains antiphase; we refer to this 

behaviour as ‘burst synchrony cluster’. We also observe 
switching between available cluster states depending on 
the input parameter of the system. We carry out a Lya-

punov stability analysis of the emergent cluster states. We 
also demonstrate an example of emergence of more com-
plex spontaneous burst synchrony cluster in network of 

high-dimensional system.  
 

The paper is organized as follows. Section 2 deals with 
the mathematical model and the dynamics of the Hind-
marsh-Rose bursting followed by a general mathematical 

formalism of the nonlinearly coupled system of bursters. 
A detailed numerical result is demonstrated in Section 3. 
In Section 4, variational method is used for computing 

Lyapunov exponents to explore the dynamical stability of 
the cluster system. Section 5 gives a brief numerical result 

of larger network. Finally, conclusion and future outlooks 
are summarized in Section 6. 

2 MATHEMATICAL MODEL 

2.1 Hindmarsh-Rose Bursting  

The Hindmarsh-Rose neuronal bursting model [23], [24], 
[25] is given by differentialequations: 

D



3 ULAB JOURNAL OF SCIENCE AND ENGINEERING 

 

          (1) 
Here the notations for the state variables (x, y, z) and oth-
er parameters are used as in [24]. Evidently the Hind-

marsh-Rose system (1) generates slow-fast oscillations; 
the first two equations govern spiking while the third 

equation with a slow time scale r accounts for the burst-
ing and adaptation. The value of r is usually assumed 

very small (r ≪ 1) in order to separate the fast xy-

subsystem from the slow z- subsystem. The other parame-
ters of the system are interpreted as following: I is the 

input current injected into the cell, the qualitative aspects 
of the system are governed by the parameter b, such as  

 

 
Figure 1: The bursting pattern generated by Hindmarsh-Rose system 
(1). The burst activity patterns are shown in (a), and the correspond-
ing slow variable z is in (b).  

 
bursting or spiking can be induced by changing it. x0 is 
the resting potential of the system and s tunes the adapta-

tion of the system so that the small s (values around one) 
yields fast spiking behaviour. 

 

 
Figure 2: The 3D phase-space structure of Hindmarsh-Rose system 
(1) in the bursting region. 

 

In case of bursting, decreasing time scale r can result in 
increasing number of spikes per burst. Fig.1 demonstrates 

the bursting pattern generated by the Hindmarsh-Rose 

system (1); panel (a) shows the square-wave bursting pat-
tens and panel (b) shows the timeseries of the correspond-

ing slow variable z. A 3- dimensional phase space realiza-
tion for the Hindmarsh-Rose bursters is shown in Fig. 2. 
The small time scale parameter r allows the usual adia-

batic approach to studying the fast subsystem with the 
slow variable as a parameter. Fig. 3 is the bifurcation dia-

gram of the system (1) obtained by applying slow-fast 
decomposition method (Section 1.3). The stable and un-
stable steady states are indicated by SSS (thin solid) and 

USS (dash-dotted) lines, respectively; SP indicates the 
stable periodic solutions: the upper branch is the maxima 
and the lower branch the minima of the solutions. The 

corresponding two-dimensional ‘hedgehog’ trajectory of 
the bursting solution is superimposed to show its position 

in the phase space and the solid arrows around it shows 
the direction of the evolution of the trajectory in the phase 
space. This bifurcation diagram is obtained with XPPAUT 

[29]. Note the onset of the burst occurs via a ‘fold’ bifurca-
tion (indicated by ‘F’) and the offset of the burst occurs 
via a homoclinic (‘H’) bifurcation. One interesting feature 

is the existence of bifurcation delay in both onset and off-
set of the burst and they are indicated by broken arrows. 

Because of the homoclinic bifurcation at the offset of the 
burst where the systemchanges from spiking to quiescent 
state, the period of the spikes at the end of the burst get 

infinite which is reflected in the increased interspiking 
spacing in the spikes towards the end of the burst (see 

Fig. 1(a)). 

 
Figure 3: The bifurcation diagram of the Hindmarsh-Rose system (1). 
The bursting trajectory is superimposed on the bifurcation diagram to 
show the bursting solutions in the phase space. The stable steady 
state (SSS) solutions are shown with thin solid line while unstable 
steady state (USS) solutions are shown by dash-dotted line. SP 
indicates the stable periodic branch of the solution. 

2.2 Coupled Hindmarsh-Rose Bursters 

The general form for n-Hindmarsh-Rose cell with voltage-
dependent coupling may be written as 

     (2) 

where Gk(x1, . . . , xn) represents the dimensionless current 
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flowing into the jth cell when all voltages are as specified. 
In neural systems it is reasonable to look at pairwise cou-

pling only, where the current is a sum of the currents for 
eachconnection, in which case we have 

          (3) 

In this study we consider an arbitrary polynomial cou-

pling function h(xj,xk) difference of the action potential 
which is given as 

                                (4) 

with the coefficients κp representing the coupling strength 
of order p where p =1, . . . ,m; cjk is the connectivity matrix. 

The coupling given by (4) may be considered as an ap-
proximation of the nonlinear synaptic coupling and the 

lowest order with p = 1 reduces it to linear diffusive elec-
tric coupling. In this study we consider cjk = 1 and cjj = 0 
implying all-to-all coupling and no self-coupling, respec-

tively, and we truncate the coupling polynomial up to 
cubic terms, i.e., m = 3; in this chapter we only study the 
system with cubic polynomialcoupling function. Addi-

tionally, as regards to the coupling strength we consider 
κ1 = κ2 = . . . = κ for simplicity.  

 

 
 
Figure 4: Array diagrams demonstrating 2-1 (left) and 1-2 (right) 
burst synchrony cluster states governed by the Hindmarsh-Rose 
system (3) and (4). 

3 THREE-COUPLED BURSTING SYSTEM 

3.1 Burst Synchrony Clusters 

In this section we present results of simulation of a cou-

pled system consisting of mutually inhibitory three 
Hindmarsh-Rose neurons (n = 3) governed by (3) and (4). 
All the coupling coefficients are same given by κp = κ 

where p = 1, . . . ,m. Fig. 4 summarizes the simulation re-
sults for the study in the form of array diagrams. In the 

arrays the intensity of the voltage variables x1, x2 and x3 
have been encoded in colour spectrum. The far right red 

part of the spectrum indicates the higher values for the 
voltage variables, consequently, the red lines in the array 
imply the burst activity while the yellow part of the array 

implies the quiescent activity of the burst where the volt-
age variables have relatively lower values. The vertical 

line of the array shows the time with increasing down-
ward and the three bursters shown along the horizontal 
line that should equally divide the horizontal line. These 

diagrams were obtained from the simulation of the cou-
pled system in XPPAUT [29]. The diagrams were ob-
tained from similar system but with different initial con-

ditions. The parameters for both realizations are a = 1, b = 
3, c = 1, d = 5, x0 = −1.6, r = 0.001 and s = 4; for both the 

input parameter I = 3.0 and the coupling strength κ = 
−0.001. It can be observed that the bursters start of 
inphase and then separate into two burst synchrony clus-

ters: (top) 2-1 cluster state where the first two cells fire 
synchronous bursts while the third burst gets antiphase, 
(bottom) 1-2 cluster state where the first cell fires anti-

phase bursts to the second and third cells and this is 
symmetric to the result shown in top. We observe from 

extensive simulation that the spontaneous burst syn-
chrony clusters are harder to obtain in the system with 
linear coupling. Additionally, excitatory coupling or κ> 0 

results in inphase bursts. 
Fig. 5 shows the changing of burst synchrony cluster 

states for three Hindmarsh-Rose neurons governed by the 
system (3) and (4) with n = 3 depending on input I. For all 
cases the initial conditions are same; the system parame-

ters are same and they are as in Fig. 1 for each cell and the 
coupling strength κ = −0.001. 
 

 
Figure 5: Changing of the burst synchrony cluster states with input 
for three Hindmarsh-Rose neurons governed by the system (3) and 
(4) with n = 3. The input current I has been increased from (a)-(i). 

 
 

The input current has been increased from (a) to (i). The 
burst activity pattern from each cell is shown with the 
voltage variables x1, x2 and x3. It is clear that the burst 

synchrony cluster changes as the input current is 
changed. The boxes enclose the bursts that are synchro-
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nized. In panel (a) the bursts from the cell are synchro-
nized for I = 1.8 while the bursts arrange into a 2-1 cluster 

for I = 1.9 shown in panel (b); in panel (i) we observe the 
bursts get desynchronized for I = 3.2 and evolve as rotat-
ing waves. One interesting feature is that the spike num-

ber in the bursts increases with input I. 
 

 
Figure 6: Spike synchrony properties in burst synchrony clusters of 
the three-coupled Hindmarsh-Rose system (3) and (4) with n = 3 
with different input current I: (a) I = 1.9, (b) I = 2.5, (c) I = 3.0, (d) I = 
3.1. The small boxes enclose spikes from synchronized bursts to 
signify spike synchrony patterns. Note in (a) the spikes are not ex-
actly synchronized as in the other cases illustrated in (b), (c), and 
(d). Panels, (a) and (c), show 2-1 burst synchrony cluster while full 
burst synchrony pattern can be seen in (b) and (d). 

3.2 Within-Burst Spike Synchrony  

One interesting features of the spontaneous burst syn-

chrony clusters is that the spikes within the synchronized 
bursts are not necessarily inphase. Fig. 6 shows the spike 

synchrony patterns for four different input parameter sets 
for three-Hindmarsh-Rose burster system. The system 
and details are as in Fig. 5. All the realizations have same 

initial conditions: (0.1, 0, 0), (0.15, 0, 0) and (0.2, 0, 0). The 
system is subjected to different input currents from (a) to 
(d). In panel (a) the cells fire bursts and arrange in a 2-1 

burst synchrony cluster. But a rather careful observation 
shows that the spikes are not synchronized (see the box-

es). The other panels show burst synchrony clusters with 
fully synchronized spikes. 

4 LYAPUNOV STABILITY OF THE CLUSTER STATES 

4.1 Variational Equations of The Coupled Bursting 
System 

In order to obtain the Lyapunov exponent for burst syn-
chrony cluster we need derive a variational system about 

the cluster pair for a three-Hindmarsh-Rose burster sys-
tem governed by (3) and (4) with n = 3. We denote three 

cells by indices ‘1’, ‘2’ and ‘3’, and their dynamic variables 
are denoted with corresponding subscripts. We perturb 
the synchronized cell pair to derivethe variational equa-

tion of the clustered state that will be used to obtain the 
Lyapunov exponents to infer their stability status. To  
 

begin with let us consider the case of 2-1 cluster state 
where the cells 1 and 2 fire inphase synchronous bursts 

while the bursts from the third cell are asynchronous to 
others. Suppose the perturbations are: 

                                                                     (5) 

As a result of this transformation we should end up with 
a nine-dimensional system of which six dimensions de-
scribe the dynamics of the cell 1 and cell 3 while the per-

turbation makes it way to the system with 3 dimensions 
involving ξ12, η12 and ζ12. Using the transformation (5): 
 

 
      (6) 

Here, ξ 13 = x3 − x1 and κp , with p = 1, 2, 3, are the coupling 
coefficients. Now retaining only the linear terms, we ob-

tain 
 

                      (7) 

Similarly, 

                                     (8) 

Linearizing (8) about η12 we obtain 

           (9) 
The variation between z1 and z2 follows as a linear form as 

         (10) 

Finally, the nine-dimensional system of equations with 
variational calculation for a 2-1 cluster system is as fol-

lowing: 
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                          (11) 
Here K1 and K3 are the coupling terms in the first and 
third cell given as 

     (12) 

And 

    (13) 

Here, ξ32 = x2 − x3, η32 = y2 − y3 and ζ32 = z2 − z3. The varia-
tional system (11) with (12) and (13) can be used for calcu-
lating Lyapunov exponent for the 2-1 burst synchrony 

cluster state as observed. The following expression im-
plies the logarithmic deviation of the trajectories with 

coordinates (x1, y1, z1) and (x2, y2, z2) 

   (14) 
or 
 

                           (15) 
Here, ε is an arbitrary small number to prevent blow-out 

in the logarithmic scale. The Lyapunov exponent can be 
computed from the expression by linear fitting of the 
generating curve. The gradient of the regression line is 

the Lyapunov exponent. The negative value, obviously, 
implies compression along the Euclidean distance be-
tween the two coordinates and thus the stability of the 

solution for the coupled system on the synchronization 
manifolds. Similarly, for 1-2 burst synchrony cluster 

where the second and third cell fire inphase bursts, the 
logarithmic deviation can be written as 

    (16) 

Or 

       (17) 

 

We may likewise derive a variational system for fully 
synchronized bursters. We consider the following pertur-

bation in addition to (5): 

         (18) 
This perturbation obviously will account for the stability 

of synchrony state between cell 1 and cell 3 as well. By 
following the above method and linearization we obtain 

the following variational system for full synchrony state 
as 

                 (19) 

 

Here, coupling term K1 given as 

              (20) 

This variational system offers useful opportunities to ana-
lyze the dynamics of the coupled system in terms of sta-
bility, bifurcation and phase space. Although the above 

transformation does not reduce the dimension of the sys-
tem, it does not increase it either. Furthermore, the phase 
space between ξ12 and ξ13 can shed light on the stability of 

fully synchrony solutions for the original system. Moreo-
ver, the Lyapunov exponent in this case may be deter-

mined from the following logarithmic deviation 

      (21) 
Or 

      (22) 

Here, ε is an arbitrary constant to prevent logarithmic 
blowout. In this case also the Lyapunov exponent is the 
gradient of the regression line L012 against t. 
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Figure 7: Stability of burst synchrony cluster states for three-coupled 
Hindmarsh-Rose burster system implied by the negative slope of the 
time series of L12 (14) and L23 (16): (a) 2-1 cluster and (b) 1-2 cluster. 

 

4.2 Computation of Lyapunov Exponents for the 
Burst Cluster States 

In this section we present a qualitative stability analysis of 

spontaneous burst synchrony cluster for three-
Hindmarsh-Rose burster governed by (3) and (4) with n = 

3 based on the method developed in the previous section. 
Fig. 7 demonstrates the time series of L12 and L23. After an 
initial transient that may be very long, the final states are 

presumably chaotic. The negative slopes of L12 and L23 
imply the 2-1 and 1-2 cluster states are stable. The initial 
conditions for (a) (0.1, 0, 0),(0.15, 0, 0) and (0.2, 0, 0); (b) 

(−0.1, 0, 0), (0.15, 0, 0) and (0.2, 0, 0). The parameters are 
as in Fig. 4. It is clear from the figure that both time series 

show negative slope for the corresponding logarithmic 
deviation, so the cluster states are stable. 
One interesting feature can be observed in (b) that the 

transient state appears to be longer in the 1-2 burst cluster 
state. The system evolves through unstable burst syn-

chrony states (shown with arrow) before the L23 starts to 
decrease implying negative slope and eventually stable 1- 
2 cluster occurs. Fig. 8 shows a couple of examples of 

computation of Lyapunov exponents for 2-1 and 1-2 burst 
synchrony cluster states using (22). The Lyapunov expo-
nents are determined by computing the slope of the de-

creasing part of the time series (red boxes). The Lyapunov 
exponents are negative for both cases implying emer-

gence of stable spontaneous burst clusters in each case. 
Hence, this method offers a basic means to determine the 
Lyapunov exponent of the synchronized state to under-

stand the stability qualitatively. 

 
Figure 8: Computation of Lyapunov exponents for burst synchrony 
clusters: 2-1 cluster state (top) and 1-2 cluster state (bottom) using 
L012 (22). 

5. BURST SYNCHRONY CLUSTER IN LARGER 

NETWORKS 

In this section, we explore the burst synchrony cluster for 

larger system of coupled Hindmarsh-Rose burster. We 
consider mutually inhibitory coupled eight-Hindmarsh-
Rose neurons governed by the system (3) and (4) with n = 

8. Fig. 9 shows the result of the simulation in array dia-
gram. The red part of the spectrum implies the higher 
values of action potential or voltage variables, so the red 

strips represent the burst active phase while the yellow 
strips represent the quiescent phase. The horizontal axis 

of the array diagram represents time that increases 
downwards and the vertical axis is segmented in eight 
parts each representing a cell. The parameters of the sim-

ulation are a = 1, b = 3, c = 1, d = 5, I = 3, x0 = −1.6, r = 0.001 
and s = 4; the coupling coefficient κp = κ = −0.001 where p 

= 1, . . . , 8. In this case all transients have been removed 
by running the system for a long time. It is clear from the 
diagram that the system yields burst synchrony clusters 

similar to smaller system demonstrated in Fig. 4. It is ob-
vious that starting from left the first, fifth and seventh 
cells form one burst synchrony cluster, second, sixth and 

eighth cells form another burst synchrony cluster, while 
third and fourth cell form the third burst synchrony clus-

ter. 
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Figure 9: The array diagram showing spontaneous burst synchrony 
cluster in eight-Hindmarsh-Rose burster system. 

6.   CONCLUSION 

The study confirms the burst synchrony cluster behaviour 
in the coupled Hindmarsh-Rose bursting neurons. The 
investigation was carried out over a small number of pa-

rameter values, and we expect to see wide variety of other 
typical behaviour [28]. Note the reported burst synchrony 

cluster emerges in the system with mutually inhibitory 
coupling; excitatory coupling results in inphase burst 
synchrony behaviour. Additionally, it is relatively easy to 

find burst synchrony clustering for the chosen nonlinear 
coupling scheme, whereas burst synchrony clusters are 
harder to achieve in systems with linear coupling. The 

observed spontaneous burst synchrony clustering in the 
network of Hindmarsh-Rose bursters suggests further 

investigations in the area of pattern generation in the bio-
logical systems will be of interest such as leech heart in-
terneurons [26], [27]. Future investigation involves further 

analytical and numerical analyses of the larger network 
system to explore the dynamical origin of the cluster syn-
chrony pattern and its biological significance. 
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